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Abstract. The aim of this paper is to introduce an algebraic structure on 
the set of all coalgebras with the same state space over the given type which 
allows us to present definitions of weak and delay bisimulation for coalgebras. 
Additionally, we introduce an algebraic structure on the carrier set of the 
final coalgebra and characterize a special subcoalgebra of the final coalgebra 
which is used in the formulation of the weak coinduction principle. Finally, 
the new algebraic setting allows us to present a definition of an approximated 
weak bisimulation, study its properties and compare it with previously defined 
weak bisimulation for coalgebras. 



1. Introduction 

The notion of a strong bisimulation for different transition systems plays an im- 
portant role in theoretical computer science. A weak bisimulation is a relaxation of 
this notion by allowing silent, unobservable transitions. It is a well established no- 
tion for many deterministic and probabilistic transition systems (see [B], [llj . |12)V 
For many state-based systems one can equivalently introduce weak bisimulation in 
two different ways (see [T] for details). 

The notion of a strong bisimulation, unlike the weak bisimulation, has been well 
captured coalgebraically (see e.g. Different approaches to defining weak 

bisimulations for coalgebras have been presented in the literature. The earliest 
paper is [14] . where the author studies weak bisimulations for while programs. In [5] 
the author introduces a definition of weak bisimulation for coalgebras by translating 
a coalgebraic structure into an LTS. This construction works for coalgebras over 
a large class of functors but does not cover the distribution functor, hence it is 
not applicable to different types of probabilistic systems. In [5] weak bisimulations 
are introduced via weak homomorphisms. As noted in |13) this construction does 
not lead to intuitive results for probabilistic systems. In |13) the authors present a 
definition of weak bisimulation for classes of coalgebras over functors obtained from 
bifunctors. Here, weak bisimulation of a system is defined as a strong bisimulation of 
a transformed system. Finally, in [I] we proposed a new approach to defining weak 
bisimulation in two different ways. Two definitions of weak bisimulation described 
by us in Ij were proposed in the setting of coalgebras over ordered functors. In 
particular they lead to proper definitions of weak bisimulation e.g. for labelled 
transistion systems or simple Segala systems. The key ingredient of the definitions 
is the notion of a saturator. As noted in [I] the saturator is sometimes too general 
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to model only weak bisimulation and may be used to define other equivalences, 
e.g. delay bisimulation (see [1] and Section [2] for details). The aim of this paper 
is to present a general coalgebraic setting in which it is possible to distinguish 
between the types of saturators used in coalgebraic definition of weak bisimulation 
and delay bisimulation by introducing an algebraic structure on coalgebras over 
the same state space. The new setting also allows us to define weak and delay 
bisimulation where the attempt from [1 failed to work (see Section [5] for details) 
namely via approximated weak and approximated delay bisimulation. 

The paper is organized as follows. In Section [2] we present basic definitions 
and facts used in the rest of the paper. Section [3] is devoted to presenting the 
algebraic structure on the set of all coalgebras over ordered functors (here, unlike 
in [1] , we additionally assume the order to be complete) with a common state space 
and show its basic properties. We show how to define saturators for weak and 
delay bisimulation for coalgebras in terms of the new algebraic operations. We 
support our general coalgebraic setting by presenting some examples which involve 
labelled transition systems and simple Segala systems. In Section |4] we recall some 
facts regarding weak coinduction principle stated in [I] and present a definition of 
operators on the set of states of the final coalgebra which give us an axiomatization 
of the set of all weakly saturated states. The set of all weakly saturated states is 
used in formulation of weak coinduction principle. Finally, Section [5] is devoted to 
defining approximated weak bisimulation and approximated delay bisimulation via 
saturator approximants and giving the sufficient conditions for equivalence of the 
new definition with the standard weak (delay) bisimulation defined in this paper. 

2. Basic notions and properties 

Let Set be the category of all sets and mappings between them. Let F : Set Set 
be a functor. An F -coalgebra is a tuple {A, a), where A is a set and a is a mapping 
a: A ^ FA. The set A is called a carrier and the mapping a is called a structure 
of the coalgebra {A, a). 

A homomorphism from an _F-coalgebra {A, a) to a i^-coalgebra {B, (3) is a map- 
ping f: A-¥ B such that T{J) o a = ;3 o /. 

An i^-coalgebra (S", a) is said to be a suhcoalgebra of an _F-coalgebra (A, a) 
whenever there is an injective homomorphism from (S^cr) into (A, a). This fact is 
denoted by {S,a) < {A, a). 

Let CSLat be the category of all join complete semilattices and mappings that 
preserve any suprema. Note that there is a forgetful functor U : CSLat Set 
assigning to each poset {X, <) the underlying set X and to each monotonic map 
/ : (X, <) ^ (y, <) the map f -.X ^Y. 

In this paper we focus our attention only on functors F : Set CSLat. We 
may naturally assign to F its composition F = U o F with the forgetful functor 
U : CSLat — ^ Set. For sake of simplicity of notation most of the times we will 
identify the functor F : Set — !■ CSLat with the Set-cndofunctor F = UoF and write 
F to denote both F and F. 

Remark 2.1. Note that in [1] we considered more general functors, i.e. F : Set — > 
Pes, where Pes denotes the category of all posets as objects and monotonic maps 
between them as morphisms. In this paper we require from the order on FX to 
be join complete (hence, complete) and that for any f : X ^ Y the mapping 
Ff : FX — > FY preserves any suprema. 
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Example 2.2. The powerset functor V : Set — s> Set may be regarded as V : Set — >■ 
CSLat, where for any set X the set VX is ordered by inclusion. 

Example 2.3. Note that for any functor H : Set — > Set the composition VH may 
be regarded as VH : Set — )> CSLat with a natural ordering given by inclusion. In 
this paper we will focus our attention on coalgebras over the following functors: 

• V{T, X Id), 

• v\t. X P), 

where T) is the distribution functor, i.e. a functor which assigns to any set X the set 
VX := : X ^ [0, 1] | 'Yl,xex m(^) ~ '^^ discrete measures and to any mapping 
/ : X ^ r a mapping Vf:VX^ VY; fi ^ Vf{fi) : F ^ [0, l];y ^ Y.f(.)=y K^)- 
The coalgebras over the first functor are exactly labelled transition systems. The 
■p(E X 2?)-coalgebras are simple Segala systems introduced and thoroughly studied 

in [ii],[n]. 

Note that if we consider any functor F : Set CSLat then we may introduce 
for any X, F G Set a join complete semilattice structure on the set Hom(X, FY) 
as follows. For a family of maps {fi}i£i C Hom(X, FY) define their supremum 
J2ieifi^^ follows: 

^f,:X^FY;x^Y.f^^^^- 

iei 

Given f : X Y, a : X FZ, g : Z ^ U tmd {3 : Y FU an inequality 
Fgoa < l3of will be denoted by a diagram on the left and an equality Fgoa ~ l3o f 
will be denoted by a diagram on the right: 



X 



Y 



X 



f 



Y 



FZ 



FU 



FZ- 



FU 



Fg Fg 

We will now recall some basic definitions and properties from [1]. 

Definition 2.4. Let U : Setp Set be the forgetful functor. A coalgebraic operator 
is a functor o : Setp — > Set^? such that the following diagram commutes: 

SetF - 



SetF 
u 
Set 

In other words, if / : A — 5- _B is a homomorphism between two _F-coalgebras (A, a) 
and {B,j3) then / is a homomorphism between {A,oa) and (_B,o/3), i.e. 



A- 

a I 



/ 



B 



A- 

oa I 



/ 



B 



FB^FB 

Ff 



FA^FB 

Ff 



In [T] we introduced a notion of a saturator. We will recall this definition now. 
We say that a coalgebraic operator s with respect to a class C is a saturator if 
for any two F-coalgebras {A, a), {B,(3) from C and any mapping f : A ^ B the 
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inequality Ff o a < 5/3 o / is equivalent to Ff o sa < sj3 o f. We may express the 
property in diagrams as follows: 

A^-^B A^^B 
FA -^FB FA^ FB 

Ff Ff 

Lemma 2.5. [T Let s : C — > Set^? be an operator w.r.t. a full subcategory C of 
Setp and additionally let s(C) C C. Then 5 is a saturator if and only if it satisfies 
the following three properties: 

• a < sa for any coalgebra {A, a) G C (extensivity), 

• SOS = 5 (idempotency) , 

• if Ff o a < /3 o / then Ff osa < s/3 o / for any f : X ^ Y (monotonicity) : 

A^^B A^^B 
FA -^FB FA^ FB 

Ff Ff 

Remark 2.6. In this paper we will only focus on saturators for which C = Setp. 
In other words, here we define a saturator as a coalgebraic operator satisfying the 
properties from Lemma 12.51 



Example 2.7. The identity coalgebraic operator it) : Set^ Setp is a trivial 
example of a saturator. 

Example 2.8. Let r S S be a silent transition label. For a coalgebra structure 
a : A ^ V{Yi x A) we define its saturation sa : A — > x A) as follows. For any 
element a e A put 

sa[a) :— a[a) U {(r, a') | a ^ a'} U {(ct, a') | a ^ o A o ^ a' for (t 7^ r}. 

Example 2.9. Let r G E be a silent transition label. For a coalgebra structure 
a : A — > X ^) we define its saturation sa : A — >• 7^(E x A) as follows. For any 
element a E A put 

sa = {(r, a') I a ^ a'} U {(fi, a') | a o A a' for a ^ r}. 

This saturation is associated with the so-called delay bisimulation for LTS. For 
more information the reader is referred to [7l or Section |3l 

Example 2.10. For the functor F — V{I^ x T>), an i^-coalgebra {A, a), a state 
a G j4 and cr G E we write a — fJ- if (f, m) ^ a(a). For a state a £ A and a measure 
G 2?(E X A) a pair (a, is called a step in (A, a) if there is cr G A and fi G VA 
such that a -?q and i^(cr, a') = /i(a') for any a' G A. A combined step in (A, a) is 
a pair (a, v), where a G A and G ^(E x A) for which there is a countable family 
of positive numbers {pi}i^i such that 'Ylii£iPi ~ 1 and a countable family of steps 
{(a, in (A, a) such that = J2i£iPi ' ^i- The definition of a combined step 

is a slight modification of a similar definition presented in [llj . The notion of weak 
arrows p remains the same regardless of the small difference between the two 
definitions. For any a G A let Jo G T>A denote the distribution for which Sa{a) = 1. 
Let r G E be the invisible transition. As in jll) for any cr G E we write a ==^ p 11 
whenever a = t and fi — Sa or there is a combined step (a, v) in {A, a) such that 
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if {<T',a') ^ {<t,t} X A then i^{a',a') = and ^ = E(<T',a')G{<T,r}xA '^l^'' «') • M(o-',q') 
and if ct' = CT then a' ==> p fJ-(a'.a') otherwise a' — t and a' ===> p ^(^a\a')- Note 
that the family of sets G VA \ a =^ p ^} indexed by (cr, a) G x A is the 
smallest possible satisfying the above conditions. Now, define sa : A FA by 
putting sa(a) := {{a, ii) \ a =^ p fi} for any a £ A. 

We will now recall two approaches to defining weak bisimulations proposed in [T] . 
Since the notions depend on a saturator s and, as will be noted in examples to fol- 
low, encompass more than weak bisimulation we will use the term s-bisimulation (s- 
saturated bisimulation) instead of weak bisimulation (resp. saturated weak bisim- 
ulation). 

Definition 2.11. A relation R A x B is called an s- bisimulation between F- 
coalgebras {A, a) and {B, f3) provided that there is a structure 71 : i? -^> FR and a 
structure 72 : i? — > FR for which: 

• a o ~ Ftti o ji and Ft:2 o 71 < s/3 o 7r2, 

• /3 o 7r2 = Ft:2 ° 72 and Ftti o 72 < sa o tti . 

A^^R^l^B A^^R^^B 
FA^FR^ FB FA-^FR—^ FB 

Ftti F'!T2 Ftti FtT2 

Definition 2.12. A relation i? C A x _B is said to be a s-saturated bisimulation 
between {A, a) and {B, (3) provided that there is a structure 7 : i? — >■ FR for which 
the following diagram commutes: 

A^R^B 
FA^FR^ FB 

Ftti Ft!2 

For a saturator s and an F-coalgebra {A, a) let (~s°*) denote the largest 
5-bisimulation (resp. s-saturated bisimulation) on (A, a). Such relations always 
exist and are equivalence relations provided the functor F considered as a Set- 
endofunctor weakly preserves pullbacks (see [T] for details). We say that a functor 
F : Set — >■ CSLat preserves downsets provided that for any f : X Y and any 
X £ FX the following equality holds: 

Ffixi) - Ffi{x' eFX\x' < x}) = Ffix) i= {y e FY \ y < Ff{x)}. 

Theorem 2.13. [1] Let F : Set — > CSLat preserve downsets and let F considered 
as a Set -endo functor weakly preserve pullbacks. Then for any F-coalgebra {A, a) 
we have 



The above theorem tells us that putting rather mild restrictions on F two states 
in an F-coalgebra (A, a) are s-bisimilar if and only if they are s-saturated bisimilar. 
Hence, from now on we will only use the former definition. The latter one has a 
major drawback. To show that two states a, b in (A, a) are s-saturated bisimilar 
we need to know sa(a) and sa{b). This is not neccessary when showing they are s- 
bisimilar. Indeed, sometimes it is enough to know a{a)^ a(6) and an approximation 
from below of sa(o) and sa{b). Therefore, from the point of view of automated 
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reasoning and computation it is easier to prove two stated are s-bisimilar. Moreover, 
in Section [5] we show that for some coalgebras (e.g. locahy finite labehed transition 
systems) the knowledge of the saturated structure sa is not neccessary at all as it 
is enough to consider a set of its approximants. 

Example 2.14. For labelled transition system coalgebras and a saturator defined 
in Example 12.81 the s-bisimulation is a weak bisimulation for LTS 6 . For the 
saturator from Example 12.91 the s-bisimulation is a delay bisimulation for LTS (see 
Section[3]for details). Moreover, the iO-bisimulation for the saturator from Example 
12.71 for LTS coincides with the notion of a strong bisimulation. 

Example 2.15. For simple Segala system coalgebras, i.e. coalgebras of the type 
■p(S X V) and saturator from Example 12. 101 the s-bisimulation is the weak proba- 
bilistic bisimulation defined in |12| . 

In Example 12.141 we see that the notion of a saturator and s-bisimulation in- 
troduced in il; encompasses more than neccessary to introduce weak bisimulations 
coalgebraically. This means that the theory of saturators should be equipped with 
tools to be able to differentiate between types of saturators. 

3. Weak and delay bisimulation saturators 

They aim of this section is to present an algebraic setting thanks to which it is be 
possible to distinguish between different types of saturators used in the definition 
of s-bisimulation. The main idea behind the definition of weak and delay bisimu- 
lation and their saturators is that we allow multiple silent steps to take place. The 
difference between weak and delay bisimulation is that in delay bisimulation we 
only allow them to take place a visible transition occurs, whereas in weak bisimu- 
lation they may also take place after the visible step (see [TU] for details). Given a 
labelled transition system coalgebra {A, a) and the weak bisimulation saturator s 
from Example 13.111 the saturated structure sa can be defined using the following 
four inference rules. 

a a T 

X X X X X ^sct Z 

r a 

j-^-j y y z 

X ^sa Z 

Moreover, for the delay saturator s from Example 12.91 and the structure sa is 
defined as a structure which satisfies rules (1), (2) and (4). Therefore, to define 
and distinguish weak and delay bisimulation saturators for coalgebras it is enough 
to be able to speak about a silent step loop which transitions from a state to itself 
and to able to compose the silent part of a structure with the whole structure (from 
the left and from the right) on an abstract coalgebraic level. 

As noted in Section [2] the set of all coalgebraic structures Hom{A, FA) over 
a state space A is endowed with a complete join semilattice structure. Let Oa 
denote the smallest element in Hom{A, FA), i.e. Qa = ^^- In the general setting 
the definition of a saturated structure for weak bisimulation or a'^ for delay 
bisimulation will be captured using abstract algebraic operations defined on the set 
of all coalgebras with a common carrier. Let A be a set. From now on we assume 
we are given two binary operations 

<,i> : Hom{A,FA)^ Hom{A,FA) 
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and a constant 

1a e Hom{A,FA). 

For sake of simplicity of notation we will drop the subscript and write 1 and instead 
of 1^ and 0^ whenever the carrier set can be deduced from the context. The two 
binary operations and the constants 0, 1 are assumed to satisfy the following list of 
properties. 

(a) (a <i 1) < a' = a <i a' and a' > (a < 1) — a' t> a, 

(b) {a<il) t> a' ~ {a> a') < 1 and a < {a' <1) — {a <i a') < 1, 

(c) 1 <l a > a, a <l 1 < a and a > 1 = a, 

(d) {a<l)< {a' <l)^{a<l)> (a' < 1) and < 1 = E^e/ < 1), 

(e) a o = o a = for o e {<, >}, 

(f) any mapping / : A — > _B is a homomorphism between 1a ■ A FA and 
1b ■ B FB. The same applies to Oa and Ob, 

(g) if a mapping f : A ^ B is a coalgebraic homomorphism between coalgebras 
a : A ~> FA a,nd P : B ^ FB, a' : A ^ FA und /3' : B ^ FB then / is a 
coalgebraic homomorphism between a o a' and P o (3' for o G {<i, o}, 

(h) if for coalgebraic structures a,a' : A ^ FA, (3,13' : B ^ FB a mapping 
f : A ^ B satisfies 

Ff oa< po f and Ff oa' < p' o f 

then 

Ff o{ao a') < (/3 o /?') o / for o e {<, >}. 

Remark 3.1. For two coalgebraic structures a,(3 : A FA the structure ao/? and 
at> (3 should be interpreted as an abstract composition of the structure [3 together 
with the silent, unobservable part of the structure a (resp. silent part of (3 with 
full structure a). The structure 1^ : A — > FA for any set A should be thought 
of as a step which for any state a e A transitions back to itself using the silent 
label. The structure can be thought of as a no-transition structure. Given a 
coalgebraic structure a : A ^ FA the structure a < 1 should be interpreted as part 
of a which contains the silent transitions only. Moreover, as we will see further on, 
by Lemma l3.3l the operator (— ) < 1 may be thought of as being dual to a saturator. 
The first equation from (jaj) says that if one first extracts all silent steps from a by 
calculating a <i 1 and compose all steps from a' with the silent part of a < 1 then 
it is the same as composing a' with silent part of a. The second equality in (jaj) is 
a dual equality. The first equality from (|b| describes what happens if we compose 
the silent part of a' with the full structure of the silent part of a. The 2nd equality 
is dual to the first one. Rule (jcj) describes the properties of <- and o-composing a 
structure a with 1. Property (|d|) states that both compositions <i and > coincide 
when arguments are only silent transitions and that a join of silent parts of a family 
of structures is a silent part of the join of these structures. Property (jej) tells us 
what happens if we compose the structure with any other structure. Finally, 
(|3-([h| are self-explanatory. 

Remark 3.2. Note that for a coalgebra {A, 1a) any element a ^ A forms a one- 
element subcoalgebra ({a}, l{a})- This fact follows directly from Similar state- 
ment is true for {A, Qa)- 

Lemma 3.3. Let a : A ^ FA he a structure. Then: 
• 1<1 = 1[>1 = 1, 
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• a O 1 < a, 

• (a < 1) < 1 = a < 1, 

• for any f : A ^ B the following implications hold: 

A^-^B A^-^B 



<]i 



a I = |/3 =>Q!<il|, = |;3 

FA ^FB FA^ FB 

Ff Ff 



A—^B A—^B 

ctj < |;3 =^Q,<il|, < j,3<]l 

FA -^FB FA^ FB 

Ff Ff 

Proof. The first, second and third assertion follow directly from (gj), (jgj) and ([d]). 
The last statement is a direct consequence of (|2),(jg| and (0. □ 

Example 3.4. For labelled transition system coalgebras of the type P(E xld) put 

Ia: A^ X A);a^ (r, a). 

For coalgebras a,a' : A ^ V{Ti x A) over the same set of states A we define 
a' <\ a : A ^ V{Ti x A) as follows. For a state a € A, letter cr £ E we have 
a -^a'<ia a' if there is a" e A for which a —^a cl" and a" a'- Conversely, we put 
a ^a'oa i' if there is a" 6 A for which a -^>Q, a" and a" o-' ■ The operations 
!,<:,> satisfy properties (jaj)-(|h]). 

Example 3.5. For simple Segala systems, i.e. coalgebras of the type 7^(1] x V) for 
any set A put 

Ia:A^ r{T. X VA); a ^ da- 

Now for coalgebras a,a' : A ^ x VA) over the same set of states A we define 
a' <a : A ^ V{Yi x VA) as follows. For a state a G A, letter cr G S and measure 
/i £ 2?A we have a ^a'<a M if there is a combined step (a, v) in (A, a) such that 
v{a' , a') = for any a' e A and a' ^ a and /i = X^a'gA '^(''^' o') '/^a'l where /ia' G 
such that o! -^a' IJ-a' ■ We put a ^a't>a A* if there is a combined step (a, z^) in {A, a) 
such that v{a' ,a') = for any a' G A and a' ^ t and /i = X^a'eA ^('''' '^O ' A'a'' 
where /ia' G VA such that a' /ia'. The proof that <,>, and 1 satisfy the 
desired properties (jaj)-(|h| can be found in Appendix. 

Example 3.6. For simple Segala systems coalgebras we may define the operations 
<i, > and 1 differently. For any set A put 

\a--A^ r{T. X VA);a^ Sa- 

For coalgebras a,a' : A ^ V{T, x VA) over the same set of states A we define 
a' < a : A ■p(S x VA) as follows. For a state a G A, letter cr G S and measure 
/i G VA we have a ^a'<sa M if there is a measure fi' G VA such that a fj.' and 
/i = X^a'eA A''!'^') ' Ma', where fia' G such that a' -^a' IJ-a'- Moreover, we put 
a — if there is a measure /i' G PA with a A /i' and /i = X^a'eA l^'i^') ' Ma', 
where /^q' G VA such that a' A-q,/ ^la'- The proof that the operations <, > and 1 
satisfy the properties (ja|-(jh| is a simplification of the analogous proof for Example 
13.51 in Appendix and therefore is omitted. 
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Now consider a family {WOijAeSet of mappings 

Wa : Hom{A, FA) ^ Hom{A, FA); ay^l + a + a<a + a>a. 

For sake of simplicity of notation in most of the cases we will drop the index and 
write W instead of Wa- 

Lemma 3.7. For any a : A ^ FA and P : B FB we have 

(1) a < W{a), 

(2) if f : A ^ B is a homomorphism between {A, a) and {B,j3) then it is a 
homomorphism between {A^W{a)) and {B,W{P)), 

(3) for a mapping f : A ^ B we have 

A^^B A^^B 
FA -^FB FA^ FB 

Ff Ff 

Proof. We will only prove (3) since assertion (2) is proved in a similar manner and 
(1) is obvious. Assume Ff o a < /3 o f . We have 



Ff o Wa — Ff o[l + a + a<la + at>a) = 

Ff ol + Ff o {a<a) + Ff o {a>a) < 

lo f+{l3<l3)of + {l3 >p)of= {1 + 13 + l3<p + l3>p)of. 



□ 



We define W'^a for any A e Ord by a transfinite induction: 

(a)) if A is a successor ordinal and A = A' 



J2\'<\ if A is a limit ordinal. 



Lemma 3.8. For any a : A FA, P : B ^ FB and any ordinal number A € Ord 
we have 

(1) if f : A ~¥ B is a homomorphism between {A, a) and {B, /3) then it is a 
homomorphism between {A,W^{a)) and {B,W'^{l3)) , 

(2) for a mapping f : A B we have 

A^-^B 
FA^FB 

Ff 

Proof. We will only prove assertion (2) since (1) is true by a similar argument 
applying transfinite induction. If A = 1 then the statement is true by Lemma 13.71 
Let A S Ord be any ordinal number greater than 1 and let us assume the statement 
is true for any ordinal A' < A. If A is a successor ordinal such that for A' G Ord we 
have A = A' + 1 then since Ff o W^ ct < f o W^ /3 by Lemma [3. 71 we get 

Ff o W^a ^ Ffo W{W^'a) < WiW^' P) o / = W^P o f. 



A 


f 


'-B 




< 


\w 


FA 




FB 




~fT 
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If A is a limit ordinal then W^a = J2x'<\ ^ follows by induction that 

F/ o W^a = FfoY^ W^'a ^ Ff o W^' a < ^ {W^' (3 o /) = 

A'<A A'<A A'<A 





□ 

Now for any a : A ^ FA define as the least fix point of W greater than or 
equal to a, i.e. 

a"" := Y[{I3 I a < ^ and W/? = /?}. 

Equivalently, we can define a"-' as follows (see e.g. {2j for details): 

a"' := ^{W^a \ X e Ord}. 

Clearly, we have W{a'^) = a"" and the following theorem is a direct consequence 
of Lemma 13.71 and Lemma 13.81 



Theorem 3.9. The assignment (— is a coalgebraic saturator. 

Definition 3.10. A relation R C A x B between F-coalgebras {A, a) and {B,f3) 
is called a weak bisimulation if it is a (— )"'-bisimulation. 

Example 3.11. Given a labelled transition system as a xI(i)-coalgebra {A^ a) 
the structure : A ^ V{Yj x A) \s given by 

(cr, a') G a'" (a) a ° ° o-' for cr ^ t and 

(r, a') e a'" (a) <^=^ a a'. 



Therefore, it coincides with the saturator presented in Example 12.81 and leads to 
standard definition of weak bisimulation for LTS's. 

Example 3.12. Given a simple Segala system coalgebra {A, a) the saturated struc- 
ture defined using the operations from Example 13.51 coincides with sa from 
Example 12. 101 The reader is referred to Appendix for a proof of this statement. 

Example 3.13. If we use the operations from Example 13.61 defined in the setting 
of simple Segala systems then the saturated structure a"' is given by 

a"''{a) = {(c, /i) I a ==> fi in (A, a)}, 

where a /i for G VA in {A, a) means that either ii = 5a and cr = t or there 
is a step (a, v) in {A, a) and a family of measures fia' G 'DA for a' G A such that 

a'eA 

and if a then a' /ia' for a' ^ A and if a A then a' /ia' for a' G A. 
This saturator leads to a definition of weak bisimulation for simple Segala systems 
instead of probabilistic weak bisimulation. The reader is reffered to [12] for details. 

Delay bisimulation for LTS was introduced in [7] and studied in [16j . Here we 
are going to present an alternative, equivalent definition of this notion for LTS. The 
proof of equivalence can be found in e.g. [10], Section 4.9. 
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Definition 3.14. Let {A, E, — ;>) be an LTS. A symmetric relation R C_ A x A is a 
delay bisimulation if the following condition is satisfied. If (a, b) G R then for a ^ t 

if a A a' then 6 ^> o A 6' for some h' ^ A and (a', 6') G i?, for ct = r if a a' then 

h'^h' for some fo' e yl and (a', 6') e i?. 

We will now capture this notion coalgebraically using o, > and 1. Consider a 
family {i^AjyiGSet of mappings defined for any A G Set as follows 

Da ■ Honi{A, FA) Hom{A, FA); a I + 1 <a + a> a. 

As we did for W we may define for A G Ord. For any a : A ^ FA Define a'^ as 
the smallest fixpoint of D greater than or equal to a. Equivalently, 

AeOrd 

Example 3.15. For labelled transition systems and operations <,>, 1 from Exam- 
ple 13.41 for any a : A ^ FA the structure a'^ coincides with the saturator used in 
Definition EUl 

Remark 3.16. For labelled transition systems the equality l<ia~ a implies that 
D{q) = 1 + a -\- a \> a. Therefore, from the point of view of LTS the simplest 
canditate for D is the operator which assigns to any structure a : A ^ FA the 
structure 1 + a + a > a. For simple Segala systems such an approach would not be 
sufficient. Although we could not manage to find a definition of a probabilistic delay 
bisimulation for simple Segala systems in the literature, the natural way to define 
delay saturator for simple Segala systems and probabilistic delay bisimulation is 

the following. For any a G A and cr G S we write a p /i whenever a = t and 
/i = or there is a combined step (a, v) in {A, a) such that if (cr', a') ^ {a, t} x A 
then iy{<T',a') = and = J2(a' M')e{a,T}xA'^i'^' ' '^') ' l^(<y',a') and if cr' r then 

a' ===> p IJ-{a',a') otherwise a' — a and fJ'(a,a') = ^a'- A brief analysis of the 
definition of f, leads to a conclusion that the proposed operator assigning to 
any structure a the structure 1 + a + a> a does not suffice. Hence, instead we use 
D{a) = 1 + 1 <a + a\> a. In this case the structure a'^ coincides with the saturated 

structure s'a, where s'a{a) {{a, ^) \ a ===> p /i}. A proof of this statement goes 
along the lines of the proof of Theorem l6.5l in Appendix and is omitted. 

Theorem 3.17. The assignment (— is a coalgebraic saturator. 

Theorem 3.18. For any structure a we have 

(a + I)"' = a"" and {a + 1)^ = a''. 

Proof. We will prove the first equality since the second follows by a similar argu- 
ment. Since (— )™ is a coalgebraic saturator we have < {1 + a)™. Moreover, 

W'^{a) = W{1 -|-Q!-|-a<]Q:-fal>a) = 

l + {l + a + a<a + ac>a) + {l + a + a<la + a>a)<l{l+a + a<la + a> a)+ 
{l + a + a<la + a>a)c>{l + a + a<ia + ac>a) > 
1 + (I + a) + (1 + a) < (I + a) + (1 + a) > (1 + a) = W{1 + a). 
Hence, a™ > (I + a)^ which completes the proof. □ 
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Theorem 3.19. For any structure a : A ^ FA we have 

a'^ < a™, 
{a<llf = (a 
a"" <ll = (a <]!)'", 
a-^^l = (cKl)'^. 

Proof. We will only prove 2iid and 3rd assertion. Note that for a structure a 
satisfying a — a <3l and 1 < a we have 

D{a < 1) = 1 + 1 <l (a <l 1) + (a <l 1) > (a < 1) = 
1 + 1 <l (a <l 1) + (a <l 1) t> (a < 1) = 

1 + a <l 1 + 1 < (a < 1) + (a < 1) > (a < 1) ® 

1 + a <i 1 + 1 > (a <i 1) + (a <i 1) > (a <i 1) ^ 
1 + a <l 1 + (a < 1) > (a < 1) = 

1 + a < 1 + (a <l 1) > (a < 1) + (a <l 1) > (a <l 1) 

1 + a < 1 + (a <l 1) <l (a < 1) + (a <l 1) > (a <l 1) = T/F(a < 1). 

Since by the previous lemma (a + 1)™ = a™ and (a + 1)'* = a'* it follows that 
(a<l)"' = (aol)'^. 

To prove a™ <i 1 = (a <i 1)™ note that for any structure a we have 

W{a) <l = (l + a + Q:<Q! + ai>a)<]l = 

l<il + a<l + (a<:a)<:l + (Q!>Q!)<:l 

l + a<l + a<l{a<ll) + {a<l)t>a^ 
1 + a < 1 + (a <: 1) <: (a < 1) + (a <: 1) > (a<: 1) = W{a < 1). 
Now by it follows that 



AeOrd AeOrd \AeOrd / 



□ 



For any i^-coalgebra {A, a) let ~d a-nd denote the relations ~(-)<i and 
respectively. 

Theorem 3.20. For an F-coalgebra (A, a) and a,b ^ A we have 

a^db =^ a b. 

Remark 3.21. Our setting also allows us to define other equivalences. For any 
structure a : A ^ FA consider the structure P{a) = l<a. We see that a < P{a). 
Take = J2\eO:d^^i'^)- The assignment {—)^ is a coalgebraic saturator. For 
LTS, aP = a, so (— )P-bisimulation is a strong bisimulation. For simple Segala 
systems and operations from Example 13.51 for a structure a : A — > ^(E x VA) and 
a & A we have {(y,fJ.) € a^(a) if and only if there is a family of positive numbers 
{pi}i(zi such that i e / and fj. = J2i£iPif^i (o', A**) £ ct{0') for any i G /. Hence, 
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the notion of (— )'P-bisiniulation coincides with the notion of strong probabihstic 
bisimulation (see [T2] for details). 

4. Algebraic structure on final coalgebra 

In this section we assume that a Set-endofunctor F admits the terminal F- 
coalgebra {Z, (). In [1] we introduced a category Set^ whose objects are F- 
coalgebras and whose morphisms are mappings f : A B between {A, a) and 
{B,f3) for which the relation graph{f) = {(a, /(a)) | a G A} is a weak bisimula- 
tion. We formulated some results concerning a weak coinduction principle. Let 
(Z^ X\z^) be the greatest subcoalgebra of the terminal coalgebra {Z,C,) such that 
(Clz™)™ = C\z^- This subcoalgebra exists by [1 . 

Theorem 4.1. 1 If F considered as a Set-endofunctor weakly preserves pullbacks 
then the coalgebra {Z^,C,\z^) is a terminal object in Set^. 

Theorem 4.2. 1 Let F considered as a Set-endofunctor weakly preserve pullbacks. 
For any F-coalgebra {A, a) and any elements a,b A we have 

a^^b ^ K-I&C, 

where |— J™ — |— J^"" o I^Ja o,nd [— denotes the unique homomorphism from a 
coalgebra {B,l3) to {Z,() in Setp. 

The aim of this section is to characterize elements from Z which belong to Z^ 
(or Z"^) in terms of <, > and 1. 

Recall that the structure ( : Z ^ FZ is a bijection. For any z, z' e Z we define: 

• z < z' whenever ({z) < ({z') in FZ, 

. TZ :=C-Ml^W), 

. z<z C]{z)), 

. z>z:=rH[C>C]W), 

. l<z:=r'([l<C]W)- 

Theorem 4.3. Any element z G Z^ satisfies the following equation: 

Z = TZ + Z + Z<iZ + Z>Z. 

Proof Since C = I + C + < C + C > C and C,^™ = C|z™ we have 

C|Z- = llZ" + C|Z™ + C|Z™ < C\z^ + Ciz™ > C|Z™ 
This means that for any z G Z"" the following equality is true: 

Ciz) = i(z) + C{z) + (C < C)(^) + (C > C) 

Hence, 

Z = TZ + Z + Z<iZ + Z>Z. 

□ 

Theorem 4.4. Let {Z',(\z') subcoalgebra of {Z,Q such that for any z £ Z' 
we have 

Z — TZ + Z + Z<Z + Z>Z. 

Then {Z',(\z') is a subcoalgebra of {Z"^ , C,\z^) ■ 
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Proof. Since {Z"^ X\z^") is the greatest subcoalgebra of {Z,() whose structure is 
saturated (see [1] for details) it is enough to show that = (^z'- By the assumed 
equahty satisfied by any z £ Z' it follows that for z ^ Z' we have 

C(z) = i(z) + + (C < C) W + (C > C) 

This precisely means that C,\z' = 1|Z' + Q\z' + C\z' <i Q\z' + C|Z' ■> C\z' ■ Hence, 

C^'=C|z'. □ 

All results from [Ij about weak coinduction principle are true for any saturator, 
in particular for {~Y. Consider the greatest subcoalgebra {Z'^,C,\Z'^) of {^lO such 
that 

{C\z'iY = C\z'^- 

Theorem 4.5. Any element z G Z'^ satisfies the following equation: 

Z = TZ+l<iZ + Z>Z. 

5. Saturator approximants 

Recall that the definition of (— and (— requires from the order on FX to 
be join complete for any set X . In some cases this is a too strong an assumption. 
For instance if we consider locally finite labelled transistion systems, i.e. coalgebras 
of the type F — VfinC^ x Td), then it is impossible to put them into our setting 
because the underlying functor is not endowed with a complete partial order and 
it is impossible to define the saturated structures 

a"" -.A^ VfU^ xA)ova'':A^ Pf,„{^ x A) 

for any a : A ^ Vfin{T, x A). 

For sake of this section let us assume that our F has a subfunctor F' : Set 
JSLat whose codomain JSLat is the category of join semilattices and homomor- 
phisms between them and not neccessarily complete join semilattices. Moreover we 
assume for any set A the set of structures Hom{A, F'A) is closed under the binary 
operations 

<i, > : Hom{A, FAf Hom{A, FA) 

introduced in Section [3] and 1a G Hom{A, F' A) C Honi{A, FA). In other words, 
for any a : A F'A the images W{a) : A F'A and D{a) : A F'A. 

Example 5.1. Consider F — V{T, x Id), F' — Vf ini^ x Id) and <i, t>, 1 defined as 
in Example l3.4l The operations satisfy the above requirement. For F = V{I^ x V), 
F' — VfinC^ X Vfin), where denotes a subfunctor of V defined for any set X 

by 

Vf.r^X ^{f:X^[0,l]\feVX and supp{f) < uj}, 

the operations <, >, 1 taken from Example 13.61 also satisfy the above requirement. 
Now if F = 7^(2 xV), F' = P/„(5] xVf,„) and <i, > with 1 taken from Example [331 
then we see that the set Hom{A,Vfin{'^ x VfinA)) is not closed under < or o. 

Our aim is to introduce a definition of a weak (delay) bisimulation for F'- 
coalgebras without the need to speak about i^-coalgebraic structures and join- 
complete partial order. 

For any family of coalgebraic structures {ai : A F'A}i^i define 

< {ofijiG/ >:= {P ■■ A^ F'A \ \faE A 3i e I such that l3{a) = a^ia)}. 
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The key idea behind defining weak (or delay) bisimulation for i^'-coalgebras is to 
replace the saturated structure d}" (or a"^) with a structure from the set 

<C {W"(a) I n e N} > (resp. < {£>"(a) | n e N} »). 

To be more precise we present the following definition. 

Definition 5.2. A relation i? C ^4 x i? is called an approximated weak bisimulation 
between {A, a) and {B, /?) if there are structures 71, 72 : -R — ?■ FR satisfying: 

• a o TTi = F{'Ki) o 71 and /3' o 7r2 > F{'K2) o 71, 
for some /3' £< {VK"(/3) | n S N} >, 

• /3 o 7r2 = -F(7r2) o 72 and a' o tti > -F(7ri) o 72, 
for some a' e<C {VF"(a) | n £ N} ». 

We define approximated delay bisimulation in a similar manner by replacing W 
with D. Wc will only state theorems about weak and approximated weak bisimu- 
lation. They will remain true for approximated delay bisimulation. 

Theorem 5.3. If R is an approximated weak bisimulation between two F' -coalgebras 
{A, a) and {B,f]) then R is a weak bisimulation between these structures. 

Theorem 5.4. Assume that for any set X the poset F'X consists only of compact 

elements, i.e. if a < X^ie/ ^* f^^ ci^bi G F'X then there is a finite subset lo ^ I 
such that a < 'J2ieia Moreover, assume that for any f : X ^ Y and x S FX 
if Ff{x) = y e F'Y then there is x' < x such that x' e F'X with Ff{x') = 
y. Moreover assume that for any a : A ^ FA the saturated structure = 
EneN^"!"^)- ^"'^'^ "^"f weak bisimulation between two F' -coalgebras is an 

approximated weak bisimulation. 

Proof. Let R C A x B he a, weak bisimulation between two F'-coalgebras {A, a) 
and {B,(i) considered as F-coalgebras. In particular this means that there is 71 : 
R -> FR satisfying: 

a o TTi = F{iTi) o 71 and F{t:2) 071 < o 1^2- 

For (a, b) € R put f(^a,b) '■= 7i('^) b). Note that for tti : R^ A we have F{Tri){f(^a,b)) = 
a{a) and a{a) G F'A. By our assumption it follows that there is f*^^ e F'R 
such that (tti )(/='(„_ J,)) = -F'(7ri)(r'(^ (,)) = a(a) and r'^^ j,) < f^a,b)- Now, for any 
(a, b) £ R define 

^',:R^F'R; (a, 6) ^ r'(„,,) 

and note that 

• aoTTi{a,b) = a{a) = F'{TTi){r'^^ f^^) = F'(7ri) 07^(0,6) and 

• ^('^2)(r'(,_,)) < i^(7ri)(r'(,,,)) < r{b). 

Since r = E„6N it follows that F{7r2){f^^ ,^) < E„eN 

By compactness of elements from F'X and the inclusions F(7r2)(r^jj € F'B 
and VF"(/3)(6) G F'B for any n G N it follows that there is a finite set of natural 
numbers {ni, . . . , rifc} such that 

F(7r2)(r'(„,,)) < W-^mb) V ... V 
Let mfe be the greatest integer among rii, . . . , n^. Then F(7r2)(f^^ ;,•)) < W"^''{P){b). 
If we define P' : B ^ F'B by putting /3'(6) = W^'"'' (/3) (6) then 

• ao7ri(a,6) = a{a) = f"(7ri)(r*(^ ;,)) = .^"(7^1) ° liK ^) and 
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• F'{n2) o-f[<l3'oTT2 and ^' e< {W^"(,9) | n e N} >. 
Similarily we prove existence of 72 and a' satisfying the desired properties. □ 

Example 5.5. For locally finite labelled transition systems, i.e. coalgebras over 
F = Vf ini'S X ^d) the notion of an approximated weak bisimulation is equivalent to 
the notion of weak bisimulation between locally finite LTS's considered as 7^(2 x Id) 
coalgebras. 



6. Future work 

Other types of equivalences between different transistion systems are also very 
important from the point of view of applications, e.g. branching bisimulation 3^. It 
would be very interesting to see if the algebraic structure introduced in this paper 
allows to define branching bisimulation for the considered coalgebras. If so, what 
are its properties with respect to e.g. weak and delay bisimulation defined here. 

In Section|4]we defined an algebraic structure on the carrier of the final coalgebra 
and related it to weak and delay bisimulation. The results presented there should 
be considered the starting point of research towards equational characterizations of 
different equivalences (e.g. weak and delay bisimilarities) for coalgebras. 

Finally, a purely algebraic structure emerges from our results. Namely, an alge- 
bra (A, +, o, [>, (—)'^, (—)"', 0, 1), where (^,-1-) is a join semilattice, whose smallest 
element is 0, <,t> are binary operations, (— and (— unary operations, and 1 a 
constant satisfying properties (ja|-(jej) from Section [3] (here second equality from (|d| 
is required to hold only for finite joins) and additionally satisfy: 

a < a' and b < b' a o 6 < a' o 6' for o G {<, >}, 

a < a"" 

a'" = 1 + a^" + a'" < a™ + a"' > a"', 

a<b and b = I + b + b<ib + b >b =^ a'"<6, 

a< a'^ 



a<b and b=l + l<ib + b>b =^ a'^ < b. 

Such algebras bare some resemblance to Kleene algebras [5] . It would be interesting 
to examine their properties. 
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Appendix 

Theorem 6.1. The operations <,>, and 1 from Example \3.5\ satisfy properties 
from Section\^ 

Proof. Note that for any a : A ^ x VA) the structure a<il: A^ ViT. x VA) 
is given by: 

((T, /i) e a <i 1(a) <S==^ a — T and (r, /z) £ a(a). 

Hence, property (jg) holds. To see (|b]) is true take a structure a' : A — >• ■p(S x PA) 
and note that for any a € A we have 

(cr, /i) e (a < 1) > a'(a) a = t and /i = ^{t, a') ■ /^'^j, 

o'eA 

for a combined step (a, v) in a' with only r transitions and a' for any 

a' e A. Hence, (cr, /i) € (a < 1) > a'(a) <;=> (cr, /i) G (a > a') < 1(a). To prove the 
second identity from Q note that (cr, /i) £ (a < a') <i 1(a) if and only if cr = r and 
(cr, /J,) £ a a' (a). This is true if and only if (ct, /i) £ a < [a' <il){a). Properties in 
(|cj) are obvious. To prove first equality from ([d| it is enough to note that for any 
structures /3, /3' : A — > 'P{I^ x VA) with only r transitions we have: 

The second equality from ([d| holds since for any family of structures ai : A ^ 
V^S X VA) the structure X^ie/C^^i 1) contains only r transitions from the union 
of ai. Hence, 

^(q^,<1) = {J2a^)<l. 

iel i£l 

Properties (jej) and (P are obvious. To prove (jgj) consider coalgebraic homomorphism 
f : A B between structures a : A V{Y. x VA), P : B V{T. x VB) 
and a' : A ^ 7^(1] x VA), /?' : B ^ 7^(1] x 2?B). For a £ A consider a pair 
(cr, //) £ /3 <i /3'(/(a)). This means that /i = Sb'es ^('''i ' A'b' fo'^ combined 
step {f{a),v) in {B,f3') such that via' ,h') = for any b' £ B and a' ^ <j and 
/.tb' £ 2?-B with 6' /ib'. Therefore there is a family of positive numbers 
with 'Yliii^iVi — 1 ^ family of measures C VB satisfying 

= • /ii and /(a) ^i. 

Since / : A — _B is a homomorphism between (A, ci), (B, /3) and (A, a'), (i?, /?') for 
any a £ A we have 

/(a) /Lti /Ltj(6) = ^ /i-(a) for /it^ £ PA s.t. a /Lt^, 

ae/-i({ft}) 

&' Mb'(^) = X! Ma' (a) for Ai^j, £ VA s.t. a' A^/ /^q/ 

"e/-H{b}) 

for a' £/-!({&'}). 

Consider the combined step (a, i^') in (A, a'), where z/' = X^jg/P* ' t^'i ^"^^ P'^t 

^' = ^ v'{a,a!) ■ 
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Then a -^a<ia' and for any b" G -B we have 

E E fE^'(^'«')-^-'V"")^ 

a"e/-i({b"}) a"e/-i({b'}) \a'eA J 

J2 E^'(^'«')-^'^'(«")- E'^'('^'«')- E Ma'(a") = 

Q"e/-i({b"})a'eA a'eA a"e/-i({b"}) 

^ ^ ^'(a,a')- E Ma'(a") = 
b'eBa'e/-i({b'}) a"e/-i({b"}) 

E E E^'» ■ '^^('^') ■ E Aia'(a") = 

b'esa'e/-i({b'}) te/ a"G/-i({b"}) 

E E E^'^-^^(«')-A^b'(n = 

b'GB a'e/-i({b'}) i£l 

EEp'- ( E ^^(«')| •A*b'(6") = EE^'*-'^»(^')-A^b'(&") = 

b'eBiei \a'e/-i({b'}) / b'eB iei 

= E ' " 

b'GB 

Hence, f : A ^ B is a homomorphism between {A, a < a') and {B,P < f3'). In a 
similar way we prove the statement for the operation >. Finally, rule (jh]) is proved 
using the similar reasoning as in Q. □ 

Lemma 6.2. For simple Segala system coalgebra {A, a) the saturated structure sa 
defined in Example \2.10\ satisfies: 

a < 5a, 

sa = 1 + sa + sa < sa + sa > sa. 

Proof. It is obvious that a < sa. To see the second property is true it is enough to 
show 1 < sa, 5a<isa < sa and 5a>sa < sa. By definition of sa it follows directly 
that 1 < sa. To see that sa < sa < sa for any a ^ A take (a, ^) £ sa < sa(a). 
Hence, there is a combined step (a, i') in sa such that iy{(T' , a') = for any a' ^ a 
and a' & A and 



M = E ■ A«a' for {T,Ha') e sa(a'). 

a'eA 

This means that there is a family of positive numbers {pi}iei such that J^ieiPi ^ -'^ 
and a family of measures {fj,i}i^j C DA with {a,iii) G sa(a) for any i G I and 

The inclusion {a,iii) G sa(a) implies that for any i E I there is a combined step 
(a, t'i) in a such that 

= ^ i',;(ct', a")/ii^cr',a" and 

a"Gj4,cr'G{(T,T} 
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i'i{a',a") = for a' ^ W,t}, a" £ A. Therefore, we have 

a'GA a'eA Vie/ / iG/ a'GA 

X! l'z(CT',a")Mi,<T',a"(a') • Ma' = 

ie/ a'eA ya"eA,CT'e{cr,T} / 

iG/ a"GA,(T'G{cr,T} a'GA 

iG/ a"GA,CT'G{cr,T} 

where K^^,^^,, = J2a'GA ^^^,<y' m" (a') ■ fJ-a' and (k, ^i- <,-^a") ^ sa(a") for 

K := if (t' = T then cr otherwise r. 

Hence, /i = J^ieiP^^i ^'-'^ i'^^^i) ^ sa(a) and therefore // G sa(a). Similarily we 
prove 5at> sa < sa. □ 

Lemma 6.3. For simple Segala system coalgebra {A, a) and the saturated structures 
sa and a™ from Example \8.10\ and Example \3.12\ we have 

a"" < sa. 

Proof. By definitfon, the structure a^ is the smahest structure such that a < a™ 
and a™ = 1 + a™ + a™ <ia'^ + a'^ \> a™ . By the prevfous lemma the structure sa 
satisfies the same properties. Hence, a'^ < sa. □ 

Lemma 6.4. For simple Segala system coalgebra (A, a) and the saturated structures 
sa and a™ from Example \2.10\ and Example \3.12\ we have 

a™ > sa. 

Proof. It is enough to show that for any a E A, a G T, and 

M^(a) ^{neVA I {a,^i) € a""} 

the family {Mo-(a)}o-,a satisfies the properties listed in Example l2.10l By definition 
of a^ the set Mr (a) contains the measure Sa for any a € A. Moreover, let a measure 
/i e VA be given by 

a'eA,a'e{(J.T} 

where {a,iy) is a combined step in {A, a) such that ^{a'^a') = for a' ^ {ct, r}, 
a' e A and iJ.[a',a') G MK,{a') for k := if a' = r then cr otherwise r. Since (a, i^) 
is a combined step in (A, a) there is a family {pi}i£i of positive numbers such that 
J^ii^iPi — 1 and a family {(a, /Lti)} of steps in {A, a) such that u — J2i^iPi ' f^i- We 
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have the foUowing: 

M= ,a)^.(„,,a') ^ ^ ^ i/(CT',a')Al(<T',a') = 

a'eA,CT'e{(T,r} (T'G{cr,T} a'eA 

X! X! X!^' ' M!:(CT',a')Ai(-T',a') = 

a'&{a,T} a'eA iel 

a'eyl is/ a'eA iG/ 

gi • ^ l/i(cr,a')/X(^^a,) +q2- Yj ^2(T,a')M(r,a')' 

where 

Ii — {i & I \ fM{<^, a ) 7^ for some a' G A}, 
/2 = {« e / I ^i(T, a') 7^ for some a' G A}, 

qi := if /i 7^ then = else 

52 := if /2 7^ then else 

EPi 
—Mi, 

ie/i 

EPi 
— Mi- 

We see that i^i and :^2 are combined steps in {A, a) and both of the measures 

Y '^l(0-,a')M(<T,a')7 Yj ^2(T,a')Ai(T,Q') 

a'eA a'eA 

belong to Mo-(a). Since /i is a convex combination of measures from Al^{a) it also 
belongs to M(j(a). Therefore, the family {Ma{a)}a^a satifies the desired properties. 
Because the family {/i | a =^ p /ijo-.a was the smallest possible family indexed 
with elements (cr, a) e E x yl satisfying the properties form Example 12.101 we have 

I a => p fJ.} <^ Ma-{a). 
Hence, sa < a™ which completes the proof. □ 

Theorem 6.5. For simple Segala system coalgebra {A, a) and the saturated struc- 
tures sa and a™ from Example \2.10\ and Example \3.1B we have 

a"" = sa. 

Proof. The statement follows directly from Lemma 16.31 and 16.41 □ 
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